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Abstract. In this paper, we show some applications to algebraic cycles by us- 
ing higher Abel-Jacobi maps which were defined in [the author: Motives and 
algebraic de Rham cohomology]. In particular, wc prove that the Beilinson 
conjecture on algebraic cycles over number fields implies the Bloch conjecture 
on zero-cycles on surfaces. Moreover, we construct a zero-cycle on a prod- 
uct of curves whose Mumford invariant vanishes, but not higher Abel-Jacobi 
invariant. 



1. Introduction 



In I Al I , we defined a certain Hodge-theoretic structure for an arbitrary variety 
X over tlie complex number field C by using the theory of mixed Hodge module 
due to Morihiko Saito. We call it an arithmetic Hodge structure of X. We defined 
the higher Abel-Jacobi maps from Bloch's higher Chow groups CH''(X, m; Q) = 
CH''(X, m) Q of X to the extension groups in the category of arithmetic Hodge 
structures. (In this paper we will simply write CH''(X, m) instead of Cli^{X, m; Q)). 

The purpose of this paper is to show some applications of our higher Abel-Jacobi 
maps to algebraic cycles. In particular, we will give the correct proofs of the results 



announced in |Al] 



We are interested in zero-cycles on surfaces, in particular, the kernel T(X) of a 
Albanese map 

CHo(X)dog=o — > A\h{X). 
If the geometric genus Pg is not zero, it was shown by D. Mumford that T(X) is 
enormous (Q). Conversely, S. Bloch conjecture: 



Conjecture 1.1 ([Bl| Lecture 1). Let X be a nonsingular projective surface with 



Pg = 0. Then T{X) = 0. 

If our higher Abel-Jacobi maps for zero-cycles on surfaces are injective, the Bloch 
conjecture |l . 1| is true. More generally, the injectivity of higher Abel-Jacobi maps 
(Conjecture |3.5D implies the Bloch-Beilinson conjecture, that is, the existence of 
motivic filtrations on Chow groups (Proposition 



Our first main result is to reduce the Bloch conjecture 1.1 to the Beilinson 
conjecture on the algebraic cycles over number fields: 



Theorem 1.2 (Theorem 5.2, cf.[Al| Theorem 4.10). The Beilinson conjecturepA] (1) 



(2) for codimension r — 2 implies the Bloch conjecture 1.1. 



Another remarkable advantage of our higher Abel-Jacobi maps is that we can do 
"explicit calculations" . Moreover, it gives a stronger invariant than higher normal 
functions (cf.|AS|]), although our higher Abel-Jacobi maps are defined along the 
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idea of them. The reason of it is that our arithmetic Hodge structure contains a 



datum of Q-coefficient perverse sheaf. Let us explain this more precisely. In |A1|, 
we defined the spaces of Mumford invariants S^'(r) and A^'^(r), and constructed 
the natural maps Ext^^^) (Q(0)' ^'(^)(^)) ^ A^^ 

When X is a surface and p = q = r = 2, it gives the classical Mumford invariant 
(see |m), ||V1| ). So far, many results on algebraic cycles of codimension r > 2 have 
been obtained only by observing it precisely. There exist, however, algebraic cycles 
which cannot be captured by only the Mumford invariants. Even for such a cycle, 
our higher Abel-Jacobi maps work quite effectively. The following is our second 
main result, which gives one example to the above: 



Theorem 1.3 (Theorem L2, cf.[Al| Theorem 4.5). Let C be a projective nonsin- 
gular curve over Q with genus g >2, such that rankNS(C x C) = 3. Let O G C'(Q) 
he a Ql-valued point such that Kq — (2g — 2) ■ O is not C^-linearly equivalent to 
0. Let P G C'(C) \ C(Q) be any C-valued point which is not Q-valued one. Put 
X ■.= CcX Cc and z := (P, P) - (P, O) - (O, P) + (O, O) G T{X). Then we have 

but 

pI{z)^Q zriExt|(c)(Q(0),i72(X)(2)). 

For the proof of this theorem we use the modified diagonal cycle and through 
the proof of it, we see that images of algebraic cycles under our higher Abcl-Jacobi 
map can be calculated explicitly by reducing it to the calculations of the usual 
Abel-Jacobi map. 

Although M. Green and P. Griffiths defined arithmetic Hodge structure indepen- 
dently to the author (the "arithmetic Hodge structure" was named by them which 
seems quite nice, so the author also uses it in this paper), there are some differences 
in definition between theirs and ours. The most essential difference is that their 
definitions do not consider the datum of the Q-structure which is taken in ours. 
Therefore, the category of their arithmetic Hodge structures does not become an 
abelian category, but only an exact category. Nevertheless, extension groups can be 
defined also in their category, and showed that cycle maps have non-trivial images. 



However, the conjecture 3.5 does not hold for their category perhaps from the lack 



of considering Q-structure in definition. 

We will explain how this paper consists. In §2, we review Carlson's descrip- 
tion about extension groups in the category of graded polarizable mixed Hodge 
structures, and usual Abel-Jacobi maps. In §3, we review arithmetic Hodge struc- 
tures, higher Abel-Jacobi maps and Mumford invariants of algebraic cycles, which 



Theorem 1.2 



are constructed in |Al]. In §4, we will prove Theorem |l.3|. In §5, we will prove 
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Notation and Conventions 

1. A variety means a quasi-projective algebraic variety over a field. We mainly 
work with algebraically closed fields of characteristic (e.g. C, Q). 

2. For a variety X over a field k, we denote X{S) — llomk{S, X) the set of 
S-valued points of X. 

3. For a variety X over C, X"-"^ denotes the associated analytic space: = 
X{C). 

4. We denote the kernel of the cycle map CH''(X) H^'^iX) by CH''(X)hom the 
subgroup of homologically trivial cycles. Here H'{X) is a Weil cohomology 
(e.g. Betti cohomology, algebraic de Rham cohomology, etale cohomology, 
and so on). We also write CHo(X)hom — CHo(X)deg=o- 

5. In this paper, we fix an embedding Q ^ C. 

2. The Carlson isomorphism on the extensions of mixed Hodge 

structures 

The category MHS of graded polarizable Q-mixed Hodge structures is an abelian 
category, but not, semi-simple. The extension groups in MHS have the well-known 



explicit description due to J.Carlson (|Ca|) 



Theorem 2.1. Let H ~ {Hq,W,, F*) be a graded polarizable Q-mixed Hodge 
structure. We write He = Hq ® C. Then 

(1) Exti,Hs(Q(0), H) = ExtiiHs(Q(0), WoH) ~ W^iHc/W^iHc n (F^WoHc + 
WqHq). Here an element ^ G W-iHc corresponds to the following extension 
of mixed Hodge structures: 

— > WoH — > H — > Q(0) — > 0, 

where H = {HQ,Wt, F*) is the mixed Hodge structure with Hq = WqHq 
Q(0), and the weight filtration WqHq = Hq, WiHq ~ W^Hq (I < —I), and 
the Hodge filtration FPHc = F^W^Hc (p>l), F'^Hc = F^WoHc + F^Hc 
(q < —1) and 

F'^Hc=F'*WoHc + C-{C,l). 

(2) Ext^jjg(Q(0), ff) = for p > 2. {This is a formal consequence of the fact 
that the functor ExtJjjjg(Q(0), — ) is right exact). 



Remark 2.2. (1) It is easy to see that ExtMHs (Hi , iJ2 ) - ExtJ^Hs(Q(0)' -^i ^^2)- 
(2) The above description (=Theorem |2.l| (1), which I was learned from Mori- 
hiko Saito) is different from the one of the extension groups in the category 
MHS of mixed Hodge structures which are not necessarily graded polarizable. 
Originally, J. Carlson calculated the extensions in MHS ( |]C£| ): 

ExtiiHs(Q(0), H) ^ WoHc/F^'WoHc + WqHq. 



Let X be a projective nonsingular variety X over C. By Theorem 
have 

Exti,Hs(Q(o),i?"-'(^,Q(0)) ^ -r'ix). 



2.1 



(1), we 
(2.1) 
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Here J''{X) ^ H^'-\X"\C)/F'' + iJ^^'^H^"": QW) is the r-th intermediate 
Jacobian of X (modulo torsion). It is isomorphic to the Picard variety Pic°(X)(C) 
if r = 1, and the Albanese variety Alb(X)(C) if r = dimX. 

Let us recall the Abel-Jacobi map 

p : CW{X)^on. ExtUs(Q(0), H^'-HX, Q(r))). (2.2) 

Due to the formalism of mixed Hodge modules ( paMl| , paM2 |), there is the cycle 
map 

CH'-(X) — . Ext^^HM(X)(Qx(0),Qx(r)). 
It induces the following commutative diagram: 



1 i 

CH'-(X)hom ^ Ext^Hs(Q(0):^"^"H^,QW)) 

i i 

CH'-(X) ExtSHM(x)(Qx(0),Qx(r)) (2.3) 
i I 
CH'-(X)/CH'^(X)hom H^^{X,Q)nH-''- 
i I 
0. 

The top horizontal arrow p is the Abel-Jacobi map. 

On the other hand, there is the classical definition of Abel-Jacobi maps due 
to Griffiths and Weil. Let Z S CH'^(X)hom be an algebraic cycle. There is a 
topological (2dimAr — 2r + l)-cycle F whose boundary is Z: dT = Z. Then the 
classical Abel-Jacobi class is defined as follows: 

piZ)^p^(^l^u;j^u;; er{X), (2.4) 

wherecji,-- - ,ujg G F''-'-+'^H^''-^''+^{X,C) is ahasis, andul, ■ ■ ■ ,(^*g € iJ2'-i(X, C)/F'^ 
denotes the Serre dual class of those: {uji,uj*) = Sij. 

The following is well-known (cf. |E2 



Proposition 2.3. The classical Abel-Jacobi map (2.4) coincides with the previous 



one 



(2.2) under the Carlson isomorphism (2.1). □ 



Let k be an algebraically closed subfield of C. Put M^. = MHM(Specfc) which 
consists of objects H = {Hq, Hk, F* ^Wq^,, Wk^,,i) where 

• Hq is a finite Q- vector space, 

• Hk is a finite fc-vector space, 

• F* is a finite decreasing filtration on Hk (called the Hodge filtration) , 

• W^Q,» is a finite increasing filtration on Hq (called the weight filtration), 

• Wk,» is a finite increasing filtration on Hk (called the weight filtration), 

• i : Hk — > He ■= Hq (g) C is a fc-linear map (called the comparison map) such 
that ic ■ Hk (SDfc C He is bijective, 

which satisfy 

(1) M/Q,» and Wk,t is compatible under the comparison map i, 

(2) (iJq, M^Q_,, i(F*)) is a mixed Hodge structure. 
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(3) There is a polarization form on each graded component GrY H — (Gr^ffq, Gr^iJ^, F*, i) 
defined over k. 

We have an analogous description of the extension groups in M^, (the proof is 
similar to the one of Theorem 2.1). 



Proposition 2.4. (1) 

Ext|,JQ(0),i7) = Ext|iJQ(0),T4^oi?) 

= W-iHc/W-iHc n {i{F°WoHk) + WoHq). 

(2) Ext|i^(Q(0),i7) = z/p>2. 

(3) Ext'u(Hi,H2) = Ext^ (Q(0),i7i* ® i/2). 



3. Arithmetic Hodge structure: review of [ |A1 | 



We review the notion of arithmetic Hodge structures, higher Abel-Jacobi maps 
and the Mumford invariants which are introduced in |Al . 



3.1. Arithmetic Hodge structure. Let A be a quasi-projective nonsingular va- 
riety over C. Then X is defined by finitely many equations which possess finitely 
many coefficients. By considering the coefficients as parameters of a space S, we 
can obtain a model / : As — > 5* and the Cartesian diagram: 

Xs < A 



(3.1) 



S 



SpecC, 



where S is a nonsingular variety over Q, and the map a factors through the generic 
point Spec Q{S) ^ S. We define the abefian category 

M(A) = limMHM(As) 

Xs 

Here MHM(As) is the category of mixed H odge modules on the variety A5 over Q. 
In the above limit, A5 runs over all models (3T), and for a morphism j : Xs' — > Xs 
of the models, we take the pull-back j* : MHM(As) MHM(As')- We cah it the 
category of arithmetic Hodge modules. In particular, we call M(C) := M(SpecC) 
the category of arithmetic Hodge structures. 



The realization functor rx ■ M(A) — ^ Perv(A) are constructed as follows. In the 
diagram (3.1), the morphism a : Spec C S induces the C-morphism Os^C — > C, 
which defines a closed point s £ S*"" — S (E)q C. Let ig : Spec C ^ 5°" be the 

corresponding inclusion. Then a factors as Spec C ^ S*"" S, and similarly 

A Ag" Xs- We define rxs ■ MHM(A5) Perv(A) the functor which maps 
the perverse sheaf Kq of a mixed Hodge module to ^H^i^ s{Kq). These functors 
are compatible for any transition Xs' —> Xs- Therefore, passing to the limit, we 
get the realization functor rx ~ lirn rxg ■ 

Xs 

Although the model (^^) is not uniquely determined, any two models As^ and 
Xs2 can be imbbeded into the following diagram: 
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Therefore the Tate Hodge module Qxsi^) defines a well-defined object Qxir) in 
M(X), which we call the arithmetic Tate Hodge module. 

The following is straightforwards due to the formalism of mixed Hodge modules. 

Proposition 3.1. (1) There are the standard operations on the derived category 
of bounded complex of arithmetic Hodge modules: 

r, B, 0, Horn. 

Those functors satisfies the adjointness, projection formulas, and are com- 
patible with the ones on perverse sheaves under the realization functor rx ■ 
M(^) -^Perv(Qjf). 
(2) Let f : X be a proper morphism of nonsingular varieties, and M a pure 
object o/M(X). Then the decomposition theorem of type Beilinson-Bernstein- 
Deligne- Gabber 

f^M ~ ®H^f^M[-k] 

k 

holds. 

We denote the arithmetic Hodge structure H^{X, Q(r)) = H''{X){r) H''f^Qx{r) 
for th e st ructure morphism f : X SpecC. As an immediate corollary of Propo- 
sition iA, we have the Leray spectral sequence 

EP" = Ext^(^)(Qy(0),i/''/*Qx(r-)) =^ Ext^+^JQ;,(0),Qx(r)), 

(3.2) 

for a morphism f : X ^ Y oi nonsingular varieties. If / is proper, it degenerates 
at i?2-terms. 

3.2. The space of Mumford invariants. Recall the spaces of Mumford invari- 
ants 5^''(r) and A^''(r) for a projective nonsingular variety X over C (see for 
details, Q §3). 

Let H^^{X/C) H'^{X,i}'^^^) be the algebraic de Rham cohomology of X, 

and F''H^^{X/C) := Hi{X, fl'^f^) the Hodge filtration. There is the Gauss-Manin 
connection 

V : Hl^^iX/C) ^ Hl^iX/C) ®c f^^/q. 
It satisfies the Griffiths transversality V(F'") C F^^^ ® i^c/q- Then we define the 
space of the Mumford invariants S^*(r) (resp. A^''{r) ) as the cohomology at the 
middle term of the following complex: 

^p+i^p+,(^/c) n^^-;^ ^ F^Hit" ix/c) i]^/q ^ F^'-^Hi+:'{x/c) ® n^+l^, 

(resp. H^-\n^^l^) n^^l^ ^ H^^'x/c) ® ^h/Q ^ H^^'i^'x/c) ® ^o/Q- 
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Proposition 3.2 ([Al| Proposition 3.4, 3.6). There are the following natural maps: 
Ext|^(c)(Q(0),i/''(X)(r)) ^S^^-^-'^+^b) A7P'''-'-+''(p). 

Proof, (sketch) Note that Ext|j(c)(Q(0), ^''(^)(0) = limExt^jj^.^^) (Qs(0), i/V*Qxs (0)- 

s 

There is the forgetful functor MHM(iS') — > MFrh{S), which is exact and faithful (see 
|Al[ §2). Therefore we have the well-defined map between the Yoneda extension 
groups 

Ext^HM(5)(Qs(0)'^V*Qxs(r-)) ^ Ext^ip^^(^)(05(O),i?V*f^Xs/s)- 

Using the Koszul resolution of Os, we can show that the right hand side is iso- 
morphic to the cohomology at the middle term of the following complex (cf. |Al|, 
Lemma 3.3): 

where we put F'^Hl mf^n'^^jg. Thus we have the natural map 

Ext|^(^)(Q(0),i7«(X)(r)) limExt^p^,^(^)(Os(0),i?V*f^x./5) ^ ^7"''"'^' ip)- 

s 

The other natural map to A^^'*"'^^^(p) can be constructed similarly. □ 

3.3. Filtrations on Chow groups and higher Abel-Jacobi maps. Let AT be a 

nonsingular projective variety over C. We can construct the cycle map from Bloch's 
higher Chow groups (|p^) to the extension groups in the category of arithmetic 
Hodge modules (|Xl| §4): 



limCH'-(X5,m) > limExt^^-^\^^)(Qx,(0), Qxs(O) 



Cir{X,m) > Ext^7"(Qx(0),Qx(r)). 



(3.3) 



''M(X) ' 

We denote the above map ( |3.3| ) by cx- 

By t he L eray spectral sequence ( ^.2[ ), there is the filtration F* on the right hand 
side in (3.3). We define the filtration on Chow groups as follows: 

F'-CH^X,™) := c-7{F-^Exe£7^iQxiO)Mxir))). 

Since the Leray spectral sequence ( |3.2D degenerates at _E2-terms, the cycle map cx 
induces the following map. 

: Gr^CH'-(X,™) ^ Ext^(c) (Q(0), i/2'^"™-^(X)(r)). (3.4) 

We call the above the v-th higher Abel-Jacobi map. These are injective by definition 
of F'CH''(A:,m). 

Proposition 3.3. (1) i^iCH^(A:) = CH'^(A:)hom- F^Cir{X,m) = CH''(A:,m) 
for m > 1. 

(2) F^Cil^ {X,m) is contained in the kernel of the cycle map to the Deligne co- 
homology group. In particular, we have _F^CH^(A') — 0. 

(3) F^CRoiX)=T{X). 

(4) F''+iCH''(A:, m) = F'-+2CH'^(X, m) = ■ • • , for all r. 

(5) F''CR''{X,m) ■ F^'CIl^{X,n) C F''+t'Cir+''{X,m + n). 
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(6) F* is respected by any algebraic correspondence. Each correspondence 
on GTpCiV{X,m) depends only on the Kiinneth (2dimX — 2r + m + i>, 
component of the Betti cohomology class [T] £ H* {X x Y) . 

Proof. (1). The former follows from that rc '■ M(C) {Q- vector space} is faithful. 
The latter follows from the fact that the cycle class map from CH''(X, m) to ordinary 
Betti cohomology is zero by a standard weight argument. 

(2). It follows from that the realization functor rc factors through the category of 
mixed Hodge structures. 



(3). Let TT = 7r2„-i £ CH"(X x X) be the algebraic cycle in | |Mur2[ 4.1.The- 
orem 2, which has the following properties: (i) tt^ = tt*, (ii) the cycle class of 
TT is the Kiinneth (l,2n — 1) component of the diagonal cycle Ax, (iii) ker(7r, : 
CHo(X)dcg=o ^ Cllo{X)) = T{X). Consider the commutative diagram 

FiCHo(X) Extii(c)(Q(0),i72»-i(X)(n)) 



FiCHo(X) > Extl,(c)(Q(0),i72»-i(X)(n)). 

Since the property (ii), the right vertical arrow is bijective. Hence F^CRa{X) = 

ker c' contains the kernel of the left tt*, that is, T{X) by the property (iii). On the 

other hand, the Hodge realization functor induces the natural map ExtJ^j^,-.) (Q(O)i H^"'~^{X){n)) 

ExtMHs(Q(0)) H^''~^{X){n)) ~ Alb(X)(C) which induces the usual Albanese map, 

so F^CRoiX) C T{X). Therefore F^CRoiX) = T{X). 

(4). Let V > r + \ and n = dimX. Then there is the following commutative 
diagram: 

Gr^CH'^(X,m) > Exf^^oiQiO), H^^-"-- {X){r)) 



I' 



Gr^CH"-'^+"+''(X,TO) > Ext^(c)(Q(0),i^'""""+"+"(^)("-r-)), 

where L is the Lefschetz operator, that is, x x.H for a hyperplane section H C X. 
By the hard Lefschetz theorem, the right vertical arrow is bijective. On the other 
hand, the the left vertical arrow is because n -~r + m + iy > n + m + 1. Therefore 
Gr^CH''(X) = 0. 

(5). Clear by definition of F'Clf {X,m). 



(6). It follows from the injectivity of the higher Abel-Jacobi maps (3.4). □ 



Example 3.4. Let r = dimX = n, u = 2 and m = 0. Then the higher Abel-Jacobi 
map gives the following map: 

: F'CHoiX) = T{X) ^ Y,xil^^c){Q{0) , H^''-^ {X){n)) . (3.5) 
We call the above (|3.5| ) the second Albanese map. 

We conjecture that the filtration F'GH^ {X,m) terminates: 



Conjecture 3.5. F^CW{X,m) = for some TV » 0. By Proposition |1| (|), it 



IS equivalent to F^'^^CTT [X,m) = 0. In other words, the higher Abel-Jacobi map 

p\ : F^GW{X,m) ^ Ext|,(c)(Q(0), i7'-'"(X)(r)) 
is injective for each X , r and m. 
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The above conjecture is true for r = 1. However, when r > 2, it is a very difhcuh 
problem. 

Proposition 3.6. If the conjecture \3. 4 is tr ue, F*CH^{X,m) gives the conjectural 
filtration on Chow groups (cf. [Murl|, [saSj). In particular, it implies the 



Bloch conjecture 1.1 



We remark that in order to the Bloch conjecture 1.1, we need only the injec- 



tivity of the second Albanese maps ( |3.5| ) for any surfaces. We will show that 
Conjecture 3.5 for r = 2, m = follows from the Beilinson conjecture 5.1 for r = 2 
in §1 



Definition 3.7. Composing the higher Abel-Jacobi map ( p^ ) 
Proposition 3.2, we have the following maps: 

: Gr^CH'-(X,m) 

(5^ : Gr^CH'^(X,TO) ^ A7"'"~"(z/). 
We caU ^^(z) (resp. S^{z)) for a cycle z G Gr^CH''(A:, m) 
invariant (resp. S-invariant) of z. 



and the maps in 



the Mumford ^- 



For more about the Mumford invariants and its applications, we are preparing 
another paper |A2]. 

4. A CALCULATION OF A HIGHER AbEL-JACOBI INVARIANT 

The Mumford invariant is not enough to capture all algebraic cycles. We hope 
that the invariant obtained from our higher Abel-Jacobi maps will be stronger and 
capture all cycles. 

In this section, we give an example of a 0-cycle on a surface whose image by the 
second Albanese map does not vanish, but so does the Mumford ^-invariant of it. 

4.1. We use the following curve constructed by Shin-ichi Mochizuki: 

Lemma 4.1 (S. Mochizuki). There is a projective nonsingular curve C over Q of 
genus g >2, such that the rank of Neron Severi group of C x C is 3, or equivalently 
End( J(C)) (g) Q = Q. 

We will give the proof of above lemma at the end of this section. 



Theorem 4.2. Let C be a curve as in Lemma ^.1. Let O G C(Q) be a C^-point of 
C such that the divisor Kq — (2(7 — 2) • O is not C^-linearly equivalent to 0, and P G 
C(C) \ C(Q) be any C-valued point which is not contained in the set of Q-points. 
PutCc :=C(gC, X:=CcxCc and z -.^ {P,P)~{P,0)-{0,P) + {0,0) eT{X). 
Then we have 

but 



p\{z)^Q znExt|,(c)(Q(0),i72(X)(2)). 



Remark 4.3. For any curve C over Q of genus > 2, there are always Q-valued 
points P and O of C such that the divisor P — O is not Q-linearly equivalent 
to 0. In fact, by the Mumford-Manin conjecture (=Raynaud's theorem), the set 
C(Q) n J(C) (Q)tor is finite, which means that the divisor P — O is not torsion 
except for finitely many points P. 
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4.2. Proof of Theorem |4.2| . First we prove the vanishing (,xiz) — 0. Let zs £ 
CH^(S' X C X C) be any model of z, that is, there is a morphism r : SpecC S 
such that (r X 1 X l)*{zs) = z & CH^(Cc x Cc). By shrinking S, we may assume 
that zs\{t}y.cy.c is contained in the kernel of the Albanese map for each t G Sc. 
Then, by the following commutative diagram, £,x{z) is contained in the image of 
the map as 

T{X) Hl^{X/C) ® nl^^/V{F^Hj^iX/C) ® f]^/^) 



where ps-SxCxC~^CxC denotes the projection. We can choose the variety 
S to be 1-dimensional (see the below). Therefore the image of 05 is zero. Thus we 
have ^l(z) = 0. 

Next we show the non- vanishing of the second Albanese class By the 

definition of M(C), the extension group can be written as an inductive limit of the 
one in MHM(5'): 

Ext|j(c)(Q(0),i/2(X)(2)) = limExt^HM(5) 

(Qs(0), i?^ps*QsxCxc(2)). 

s 

Therefore Px{z) does not vanish if and only if so does not in Ext^jjiyi(5-)(Qs(0), i?^p5,Q(2)) 
for any sufficiently dominant S* — s- C. The latter condition is equivalent to the non- 
vanishing in Ext^jjjyfj'gxCxC) (Q(O)i Q(2)) by the decomposition theorem of mixed 
Hodge modules. 

Let fp : SpecC C be the associated morphism of the point P. Note that fp 
factors through a generic point of C, because P is not a Q- valued point. We will 
take a good fitting zo e CH^(C x C x C) such that {fp xlx l)*{zo) = z, and prove 
that for any dominant js S ^ C, the cycle class of zs = {js xlx l)*(zo) does 
not vanish in Ext^jjM(SxCxC) (Q(0), Q(2))- 

Let zq be the modified diagonal cycle Aq G CH^(C xC xC). Recall the definition 
of it ([^). Put 

x)£ CxCxC\x£C}, 
Aoxx = {{O, x,x) e CxCxC\xeC}, 
A,o. = {{x, 0,x)e C xC xC \ xeC}, 



the subvarieties of C x C x C of codimcnsion 2. Then the modified diagonal cycle 
Ao is defined as: 

Axxx — Aoxx — AxOx — AxxO + AoOx + AoxO + AxOO- 

It is easy to see that zo(= Aq) is homologically trivial, and therefore so is zs- There- 
fore it defines an Abel-Jacobi class p{zs) € ExtMHs(Q(0)> ^H-^c) ® i?HCc)®^(2)). 
In order to prove the non- vanishing of the class of zs in ExtMHM(5xCxC)(Q(0)' Q(2)), 
it suffices to show the non- vanishing of the class p{zs)- To do this, we may assume 
dim = 1 by taking suitable hyperplane sections. Thus we have reduced the proof 



of Theorem 4.2 to the following: 
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Lemma 4.4. Let Cc, O and zq as above. Then for any nonsingular curve S over 
C with a dominant morphism js ■ S Cc, the image of the Abel-Jacobi class 
p{zo) under the following map 

(jsxlxl)* : Ex4Hs(Q(0),i?'(Cc)®'(2)) ^ Ex4hs(Q(0), i^'(^)®i?'(C^c)®'(2)) 
does not vanish. 

Proof. We write Cc by C simply. We prove the assertion in the following step: 

The Abel-Jacobi class p{zo) e ExtMHs(Q(0), ^f^(Cc)®^(2)) is not zero. 
(44.2) The image of the Abel-Jacobi class p{zo) under the following map 

ExtUs(Q(0),i?'(C)®=^(2)) ^ ExtJ,iHs(Q(0),^'(C^) ® Sym2(i7i(C))(2)) 

does not vanish. Here Sym^(i?) = iJ®^/{a®6 — fe^a} denotes the symmetric 
product. 
(^.3) The natural map 

ExtiiHs(Q(0),i?'(C)®Sym2(ifi(C))(2)) ^ExtiiHs(Q(0),i?'(^)®Sym2(i/i(C))(2)) 

is injective. 

Proof of (|4.4p])- Let pi : C x C x C C x C he the i-th projection, and pij : 
CxCxC^CxC the projection into (i,j)-th component. We note that A^xx = 
PI2A..P23A, Aoxx = P23^-PiO, • ■ ■ , where A C C x C the diagonal cycle. 

Let iiCxC'-^CxCxC be an inclusion such as: {x,y) 1-^ {x,y,y). We 
can easily show that the pull-back of the modified diagonal cycle i*zo is equal to 
A'^ + X Kc in CHo(C x C). We want to show the non-vanishing of i*{p{zo)). It 
is the image of p{z()) under the map 

ExtUs(Q(0),i^\C^)^'(2)) ^ ExtUs(Q(0),ff\C) ® ij2(C)(2)) 

induced from the cup-product H^{C)'^^ H^{C). Under the isomorphism H^{C)® 
H'^{C){2) ~ _ff^(C)(l), i*{p{zo)) coincides with the Abel-Jacobi class of qi*i*zo = 
-Kc + (2.9 - 2) • O e CHo(C) where qi : C x C ^ C denotes the 1st projection. 
Since Kc — (2.g — 2) ■ O is not Q-linearly equivalent to 0, it does not vanish. 

Proof of ( [4.4p ). More generally, we show the image of p{zq) under the map 

ExtUs(Q(0),i?'(C)®3(2))^ExtUs(Q(0),Sym3(ffi(C))(2)) 

does not vanish. Put p{zo) be the image. Let a : Sym^{H^{C)) H^{C)'^^ be a 
morphism of Hodge structures defined as: vi-V2 -v^ 1— > X^o-eea '^o-(i) ® ^o-(2) ® ''^o-(3) ■ 
Then we want to show a(p(zo)) 7^ 0. Since the modified diagonal cycle is invariant 
under the action of the symmetric group 63, we have a(p(zo)) = X^o-eea Pi-^o)"^ — 
J^aeSs Pi^o) — 6p(-zo)- Therefore the assertion follows from ([4.4p])- 



Proof of (4.4 3|). Let 5 be a smooth completion of S, and jg : S —>■ C he the 



extension of the morphism js . 

Since the category of polarizable pure Hodge structures is semi-simple, the map 

ExtUs(Q(0).^'(^^)®Sym2(i^'(C))(2))^Exti,Hs(Q(0).^'(^)®Sym2(iji(C))(2)) 

is injective. Therefore it suffices to show that 

ExtiiHs(Q(O),i?'(5)0Sym2(iji(C))(2)) ^Exti,Hs(Q(0),i^'(^)®Sym2(i?i(C))(2)) 
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is injective. There is the exact sequence of mixed Hodge structures: 

H\S, Q) — > H\S, Q) ®Q(-1) — > 0. 

Therefore, applying RHomMHs(Q(0), (— )®Sym^(i?^(C))(2)) to this short exact se- 
quence, our assertion foUows from that HomHs(Q(0), Sym^(iJ^(C))(l)) = 0. Con- 
sider the surjection: 

HomHs(Q(0), {H\C)f^l)) HomHs(Q(0), Sym\H\C)){l)). 

The left hand side is isomorphic to End( J(C)) (X> Q, which is a 1-dimensional vector 
space generated by the diagonal cycle class [A] because of rankNS(C x C) = 3. The 
class [A] vanishes into the right hand side, which means HomHs(Q(0), Sym^(_ff ^(C))(l)) 
0. 

Thus we have proved all steps. □ 



Remark 4.5 (A " heuristic proof" of Theorem |4.2D . The most technical point of 
the above proof is to choose the modified diagonal cycle as a lifting of the 0-cycle 
z. The reader may have a question why we choosed it. We give a heuristic answer 
to this question. 

Let zq £ CH^ (C X C X C) be a lifting of z which is homologically trivial. Then we 
have the Abel-Jacobi class of pjzo) e ExtJ^Hg(Q(0), i/HCc)®^(2)). The essential 



part of the above proof is Lemma 4.4, that is, to show that the image of p{zo) under 
the natural map 

ExtUs(Q(0), H\Ccr'{2)) ^ Extl^siQiO), H\S) H\Ccf\2)) 

does not vanish for all dominant maps S —^ Cc from nonsingular curves S. 
Consider the following commutative diagram: 

ExtUs(Q(0),i^HC^c)®3(2)) > ExtUs(Q(0),i?H^)®i^HC^c)®2(2)) 



Exti,Hs(Q(0),i?^(Cc)«V^H2)) E^tU^m))^H\S)®H\Ccr^/N\2)), 

where N' denotes the coniveau filtration (cf. p. 162). The map (3 is injective. 
Therefore we only have to choose a lifting zq satisfying a(p(zo)) ^ 0. This is 
a well-known problem concerning with the Griffiths groups. The Griffiths group 
of a projective nonsingular variety X (denoted by Grif''(X)) is defined to be the 
group of homologically trivial cycle modulo algebraic equivalence: Grif'^(X) := 
CH'^(X)hom/CH' (X)aig. In the conjectural theory of mixed motives, there is the 
following isomorphism: 

Grir(X) ^ Ext^(c)(Q(0),i/2-i(x)/iV'^-i(r)). 

The right hand side is conjectured to be injected into the extension group of mixed 
Hodge structures ExtMHs(Q(0)' ^^''~H^)/^''"H2))- Therefore to find a cycle zq 
such that q;(p(zo)) 7^ is conjecturally equivalent to find a non-trivial element in 
the Griffiths group. I was taught from K.Kimura that the modified diagonal cycle 
for certain curves gives the non-trivial element of the Griffiths groups (cf. pCi|| ). 



But we do not necessarily need to prove it for Lemma 4.4. I don't know whether 



the modified diagonal cycle gives a non-trivial element of the Griffiths group for 



Mochizuki's curve (Lemma 4.1) 
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Remark 4.6. When C is an elliptic curve, the 0-cycle z — {P, P) — {P, O) — {O, P) + 
(O, O) on C X C is rationally equivalent to 0. (Easy exercise. Hint: consider the 
embedding C '-^ C x C, x ^ {x,—x + P).) 



4.3. Proof of Lemma 4.1. We can easily find the desired curve at least over C: 



Lemma 4.7. There is a nonsingular projective curve X of genus g > 2 defined 
over C such that End(J(j\r)) = Z. 

Proof. Let Sq be a nonsingular projective surface over Q with irregularity q — 
(e.g. 5*0 = Pq)> ^^^d L be a very ample line bundle on Sq. We assume that 
general smooth member of the linear system \L\ is not hyper-cUiptic. We consider 
a Lefschetz pencil f : S ^ Pq obtained from L. We will show that the geometric 

generic fiber Cjf = f^^{r]) satisfies End( J(C-^)) = Z. 

Note that End( J(C^)) C End(i/-\(CV, Q^)), and 7 e End{J{Crf)) satisfies 7 • 
rpTij _ rpTij somc Uj > 0, whcrc Tj g tti (77, rj) is the local monodromy generator. 
Let Sj be the corresponding vanishing cycle. Then by the Picard-Lefschetz formula, 
we have 

Tj{x) = x-{x, 5j)5j for x e Hl^{Crf). 
Therefore we have (x, Sj)j{Sj) — (7(2;), 5j)Sj for all x G 77|,.(C^). We put 

j{S,)^e,S, (4.1) 



for some Sj G Qi. Moreover, applying T-"' to (4.1), we have {6i,6j){ei — ej) = 



for all i, j. Since every vanishing cycles are conjugate under the action of 7ri(?7,77), 
(that is, for any 5i and 6j, there is a a S 711(77,77) such that a{Si) = a ■ Sj for 
some a G Q^), we can see that for any Si and Sj, there are (5^^, • ■ • , Ski such that 
{Si, Ski) 0, (<5fei, ^a) 7^ 0, • ■ • , {Ski,Sj) ^ 0. Therefore all the £i coincide. 

The vanishing cycles generate Hl^iCrj) because of g = 0. Therefore we have 
7 71 • id, which implies the assertion. □ 



Lemma 4.8. There is an absolutely unramified p-adic number field K , and a 
proper curve 

TT : X — > SpecOi^ (4.2) 
over the integer ring Ok such that, 

(1) TT is smooth over K , and End(J(X-j^)) = Z, 

(2) The special fiber is a geometrically connected stable curve Ei U ■ ■ ■ U Eg 
over Fq (= the residue field, q= p^ ) such that 

(a) each Ei is an ordinary elliptic curve, that is, End(i?i) Q is a quadratic 
number field, and the rational prime p is complete split : p = P1P27 {Then 
End(i;0 = End(£;^ p J ) 

(b) Ei and i^i+i intersect at one point for i — 1, • ■ ■ ,17—1, and Ei and Ej 
do not intersect if \j — i\ > 2, 

(c) Rom{E„Ej)^0 fori^j. 

Proof. Let Ei_p,--- ,Eg^p be geometrically connected CM-elliptic curves over a 
number field F such that 

(i) i{om{Ei^F,Ej^p) = for i ^ j, 

(ii) ^nd{E,'F) = End(i;,^Q), 

(iii) there is the smooth model Ei^Op ~^ SpecO^ over the integer ring Op of F. 
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Let Yop — -Ef ^ U • • • U E^'' be a chain of the above eUiptic curves such as in the 



condition (2b) 



Let M.g be the moduU scheme of nonsingular proper curves of genus g > 2 over 



Op, and A4g the compactification of it in the sense of [DM]. Note that A4g is not 



a scheme but a stack. There is an integer N =^ 0, an etale open U — > ^Ag where U 
is a regular scheme, and a point y : SpecO :— SpccOpi^/N] U which associates 
with Yo Yop ®Of Of[1/N]. We assume that SpecC'_F[l/7V] SpecZ is etale by 
replacing by a suitable one. 

We denote Fp the completion of F by a prime p, and Of^, its integer ring. 

Claim 4.9. Let p S SpecO be any prime, and Oj,(p) = C[/,3^(p) the stalk of Ojj at 
the point y{p). Then, there is an embedding 

a : Oy(^p) ^ Of, 

of Of -local rings which induces the isomorphism of the residue fields. 

Proof. Let C'y(p) be the completion of ©^(p) by the maximal ideal m. Since ©^(p) is 
a regular local ring, there is an isomorphism Cj,(p) — Of, [[ti, • • • , ^sg-s]]- We may 
assume that each tj is contained in Oj,(p). In fact, we can replace tj by t'j such that 
tj -t'j e m^. 

Since the transcendental degree of i^p over F is infinite, there are (8(7— 3)-elements 
qi, • • • ,(73c,_3 G pC_Fp which are algebraically independent. Then the C^p -algebra 
homomorphism C'y(p) — Of, [[ii, • • • , ^39-3]] ^ Of, defined by tj ^ qj induces the 
Oi?-algebra homomorphism a : ©^(p) — *■ Of, ■ 

The remaining part of the proof is to show that a is injective. Let / be the kernel 
of a. Since Oy(p) 'E'Of F ^ ^f, ®Of is a homomorphism of fields (and hence in- 
jective), we have I®Of F = 0. On the other hand, / C Oy(p) C Of, [[^i, • • • , ^39-3]] 
is torsion free over Of- Therefore we have / = 0. □ 

Let 

Xof, ^ SpecOFp (P e SpecO) 

be the proper curve over Of, which is the pull-back of the family Xjj — s- C/ by 
a. By Lemma the generic fiber satisfies the condition The special fiber 
satisfies (^) and (^). Moreover, there are infinite many prime p such that each 
irreducible component of the special fiber is ordinary. In fact, the density of such 



primes is larger than or equal to 1/2". So the condition (2a) is also satisfied 



This completes the proof. □ 



Lemma 4.10. Let A Speci? be a proper smooth abelian scheme over a discrete 
valuation ring R. Put An :— A (Sir -R/m""*"^ where m is the maximal ideal. Then 
the natural maps End(yl) End(j4o) and End(j4„) End(Ao) are injective. 

Proof. Due to 

End(A) C End(A R) = lim End(A„) (i? ~ limi?/m"+i), 

n n 

it suffices to show the latter assertion. 

Let ^ be a rational prime which is invertible in R/m. Then the group scheme 
er-{An) of the ^''-torsion points is finite etale over Speci?/m"+^, and therefore so is 
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the endomorphism scheme £nd{ir{An)). By the formal etaleness (|EGA IV| §17), 
we have 

End{ir{An)) = Hom(Speci?/m"+\£:nd(f.(A„))) 

~ RomiSpecR/m, 8nd{t {A„))) ^ End(<>. (Aq)). 

Therefore it suffices to show that the natural map End((y4„)) J|^End(£r (^„)) is 
injective. It follows from the fact that the subgroup of the ^-primary torsion points 
is schematically dense. □ 

Let the notations as in Lemma The Jacobian variety J{Xo) of Xq is isomorphic 
to i?i X • • • X Eg, and End(J(Xo)) is isomorphic to End(i?i) x • • • x End(ii^g). 

Lemma 4.11. Consider an arbitrary lifting X' — > SpecOif of Xq. Let ip be an 
endomorphism of J{Xq). If there is a positive integer m > such that m ■ f can 
be lifted on an endomorphism of J{XL^), then so does ip: 

End(J(X^)) = (End( J(X^)) » Q) n End(J(Xo)). 

Proof. Let ?/; fn^ £ End( J(X-^)) be the lifting of m • We want to show that 

r{HUj{Xl^), 7.,)^m- HW{XL^), Z,) (4.3) 

for all rational prime £. If £ ^ p, it follows from the isomorphism Hl^{J{Xi^), Tig) ~ 
i/?^t(J(Xp p ), Zf). So we may assume £ = p. 

Firstly, we note that ip is defined over K. In fact, assume that ij; is defined over 
a finite extension K' over K. We may assume that K' / K is a Galois extension. 
Then, for any a G Ga.\{K' / K), ip'^ is also a lifting of m • ip, which coincides with ^ 



by Lemma 4.10 



Since the crystalline cohomology depends only on the special fiber, we have 

r iKysiJi^o)/ Ok)) C m • Hi.^,{J{X,)/OK). 

Moreover, by the isomorphism Hl.^y^{J {Xq) / O k) — H\^{J{X')/Ok) (because K 
is absolutely unramified), we have 

r{Hl^{J{X')/OK)) C m . HI^{J{X')/Ok). 



Therefore the assertion (4.3) follows by applying the Dieudonne functor (pal), ||FL| 



9.11). □ 

Lemma 4.12. There are finitely many subalgebras Aq, • • • , Am o/End(J(Xo)) such 
that, for any lifting X' SpecOif of Xq, the image o/End(J(X^)) is Ai for some 



Proof. By Lemma 4.11 , we have 



End(J(X^)) = (End(J(X^)) ® Q) n End(J(Xo)), 

whereEnd(J(X^))®Q is a Q-subalgebraof End(J(Xg p ))®Q = End( J(Xo))®Q. 
Since End(J(Xo)) (g) Q is a reduced and finite-dimensional Q-algebra, there are at 
most finitely many Q-subalgebras of it. Thus we have the assertion. □ 



Let us prove Lemma 4.1 



Consider a deformation X' SpecO^c for each integer m > such that 
. X' Ok/p'^+^ = X ®Ok OkIv^^^. 
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• the generic fiber is defined over a number field. 



By Lemma 4.12 , End(J(X.^)) = Ai for some i > 0. We may assume that Aq = Z. 



We want to show that End(J(X^)) = Aq = 7i if m is suffciently large. 

There is a finite extension K'/K such that End( J(X^, )) = End( J(X.^)). We put 
Xn ■= X ®Ok ^K' Iv'^^^ and X[^ X' ®Ok ^K' /p"^^. Choose an endomorphism 
ipi £ Ai \ Z for each i > 1. Since F,nd{J{XK')) = nEnd(J(X„)), there is an 

n 

integer > such that tpi End(J(XAr)) for all i > 1. Let m > N. Since 
End(J(X^,)) C Eiid{J{X'j^)) = End(J(XAr)), we have ipi End(J(X^,)), which 
means End(J(X.j^)) = Aa = Z. 

This completes the proof of Lemma |4.l| . 

5. The Beilinson conjecture 
5.1. Recall the Beilinson conjecture ([pl[ 11.4, c)): 

Conjecture 5.1 (Beilinson). Let r > 2 be an integer. 

(1) The Abel-Jacobi map 

p : CH'^(X)hom r{Xc) (5.1) 

is infective for any nonsingular projective variety X over Q. 

(2) Let X be a nonsingular projective variety X over Q, and z g CH' (Xc) my 
algebraic cycle on Xc = X ®q C. Then, for each a G Aut(C/Q), p{z) = 
if and only if p{z'^) — 0. 

For a projective nonsingular variety X over C, it is conjectured that the mo- 
tivic filtration F^CH''(X) coincides with the kernel of the Abel-Jacobi map p : 
CH''(X)hom J'iX). The Beilinson conjecture [sl] (1) asserts that Fl,Cir{X) = 



if X is defined over a number field. The Beilinson conjecture 5.1 (2) asserts that 
the kernel of Abel-Jacobi maps should be "algebraic" . It holds, at least, when r = 1 
or dimAT. (I do not know whether it holds in case r ^ 1, dimX.) 



Theorem 5.2. The Beilinson conjecture 5.1 (1), (2) for r — 2 implies the Bloch 
conjecture [l.l| . 



Proof. By Proposition 3.6 and the remark after it, we show Conjecture 3.5 for r = 2 



m = under t he B eilinson conjecture 5T (1), (2) for r = 2. By the definition of 



the cycle map ( |3.3| ), it suffices to show that the following map 

CR'iXs) Ext^HM(;f,)(Qxs(0),Qxs(2)) 
is injective for any mod el Xs. If Xs is projective, it follows directly from the 



Bei linson conjecture 5.1 (1). For an open case, we will use the Beilinson conjecture 
0(2)- 

Let J7 be a nonsingular quasi-projective (not necessarily complete) variety over 
Q, and be a smooth completion of U such that D = UDi = Y — U is a, simple 
normal crossing divisor. We want to show that the map 

CR\U) Ext^HM(r/c)(Q(0)'Q(2)) 
is injective. Since any extension groups of degree> 2 in MHS vanishes, the right 
hand side is an extension of WiH^iUc, Q) n by ExtMHs(Q(0), H^{Uc, Q(2)). 
Put CH2([/)hom ker(CH2(C/) H^{Uc, Q))- We will show that 

CH2(C/)h,„, ExtiiHs(Q(0),if'(C^c,Q(2)) (5.2) 
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is injective. 

Let CHY(Z?)hom be the subgroup of ©CH^(_Di) generated by cycles which are 

i 

homologicaly equivalent to in F, that is, CHy(I?)hom = ker(0CH^(£'j) 

i 

CH^(y)/CH^(y)hom)- Consider the following commutative diagram: 

(exact) 



CHy(£>)liom 



CH2(y)hom 



CH^([/)hom — 



J{Yc,Dc) 



ExtUs(Q(0),i?'(^c,Q(2)) 



ExtliHs(Q(0),i?'(f/c,Q(2))) 



(5.3) 



(exact). 

Here we put J{Yc, Dc) = kerb. Note that py is injective by the Beilinson conjec- 
ture^^ (|^). We show that if an algebraic cycle z G CH^(y)hom satisfies b{pY{z)) = 
0, then there is a cycle w G CHy(Z))hom such that pvi^) — a{pD{w)) = pY{i{w)). 

Lemma 5.3. J{Yc,Dc) = P_Dc (CHy^ (i:)c)hom)- where C\l\^{Dc)'hom denotes 
the subgroup o/ ©CH^(£)i^c) generated by cycles which are homologicaly equivalent 

i 

to in Yc 

Proof. For a Q-mixed Hodge structure H, we write ExtJ^jjg(Q(0), i?) by J{H) 
simply. 

There are the following exact sequences: 



0, 



(5.4) 



W3H\Uc) WiH^{Uc) Gr^H^iUc) 0. (5.5) 
(Here H*{Xc)ir) denotes the Betti cohomology iJ'(Xg", Q(r)).) By an easy 
computation, we can see that there is a natural isomorphism Gr^iJ|,^(Yc) — 
©-ff^(A,c)(-l) of Hodge structure, and a surjcction ker(©ij2(A,c)(-l) ^ H'^{Ycj) 

i i 

Grf iJ3(L/c). We put V = keT{®H^{D,^c)hl) ^ H^iYc))- We have the exact 

i 

sequence 



© J{H\D,^c)il)) ^ JiH'^iYcm) J{W3H^iUc){2)) 



(5.6) 



from (5^), and 
HoniHs(Q(0),V(2)) 



(5.7) 
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from (5^). By the above two exact sequences (5^) and (5/7), we have the following 
exact sequence 



J(ffi(A,c)(l)) J(rc,i?c) ^HomHs(Q(0),y(2)) 



3CHi(A,c)ho 



nom 

1 

ker(©NS(A,c) ^ H^{Yc)) 



> ©J(iJi(A,c)(i)) 



0. 



(5.8) 



By the Lefschetz (1, 1) theorem, HoniHs(Q(0), V"(2)) ^ ker(®NS(A,c) ^ H^iYc))- 

i 

We thus have the following commutative diagram: 





HoniHs(Q(0),l^(2)) 



0. 

Since the Abel-Jacobi map poic bijective, we obtain the surjectivity of poc 



□ 



By Lemma p.3| , there is an algebraic cycle wc G CHy^ (_Dc)hom such that 

PYc{z) = a{pDc{wc)) = PYci'iiwc))- 

The remaining part of the proof is to show that there is a cycle w £ CH'^(F)hom 
(defined over Q) with support on D such that pYc{i{wc)) = Pvd'^)- We write 
i{wc) by wc simply. To do this, we use the Beilinson conjecture (2). Since the 
cycle z — Wc is contained in the kernel of the Abel-Jacobi map pvc , so is z — w'^ 
for all a S Aut(C/Q). In particular, we have 



PYci^c) = PYci^c) foi' £ Aut(C/Q). 



(5.9) 



Let ws G CH^ {Y x 5')hom be a model of the cycle wc ■ The cycle ws defines a normal 
function z/s : S{C) J"^ (Yc) x S (C) , s ^ {pYc{ws,s), s) where ws.s £ CH^(rc)hom 
denotes the section of ws for a closed point s G S{C). Then, (5_^) means that 
the normal function i^s is constant on the subset S{C) \ 5(Q). Since the set 
5(C) \ S'(Q) is analytically dense in S{C), we have i^s is constant on ^(C). Let 
s e S'(Q) be any Q-point, and take the section ws^s £ CH^(y)hom- By the above, 
PYci'^^S.s) — PYc(^c)- Clearly ws.s has a support on D, so it is the desired cycle. 
We thus complete the proof of Theorem 5.2. □ 



Finally we remark: 



Theorem 5.4 (|A1| Theorem 4.9). The conjecture 3.5 implies the Beilinson con- 
jecture 5.1 (1). In particular, it implies the finiteness of the rank of CHo(Ar) for 



any projective nonsingular variety X over a number field. 
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Proof. Put Mq = MHM(SpecQ). Then the higher Abel-Jacobi map factors as 
foUows: 

Px 

Gr^CH'-(X) >- Ext^(c)(Q(0),i/2---(X®C)(r)) 



M_(Q(0),i/2'-^(X 



.Q)(r)). 



By Proposition 2.4 (2), the extension groups in Mq of degree > 2 vanishes. There- 
fore we have F'^Cll''{X) = by Conjecture IJ. 

The latter assertion follows from the Mordell-Weil theorem because of the iso- 
morphism CHo(X)dcg=o ^ Alh{X){k). □ 
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